New developments in
stochastic inflation
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Langevin equation

Langevin equation (time variable N = e-folds):

om0 (), (e = 6N - N,

!/
(EbR:

V(ogr) 2T
=u(¢r) =0(¢r)

Interpretation for finite time steps?



It6 vs Stratonovich

A

1{s}
d(N1) = ¢(N) + pu[¢p(N)]AN + o[p(N)]VAN &y

Ny =N+dN  (Enénr) = Onne

Stratonovich:

BNL) = S(N) + o {uld(N)] + ul6(N, )N
+ 5 {olo(N)] + o[6(N:)[IVAN e



§/(N) = fIN0o(N)] <= 6(N) = [ ANFIN,6(N)

Ito Stratonovich
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ltofy' Stratonovich

Taylor expand:

uld(N4 )] = pld(N)] + 1 [0(N)]Ag + O(A¢?)
olp(N1)] = o[p(N)] + o' [o(N)]Agp + O(A¢?)

lteratively from Stratonovich equation:
A¢ = o[p(N)|VANEN + OdN)



ltofy' Stratonovich

Stratonovich equation becomes:
6(N4) = 9(N) + (WIo(V] + 5oo(N)]o (V)] AN
+olp(N)[VAN En + O(AN?/?)

(used &3 — 1)



ltofy' Stratonovich

Stratonovich equation becomes: New drift term!

6(N4) = 9(N) + (Wio(V] +5olo(N )] o] AN

+o[p(N)VAN Exy  + O(AN?/?)

Different physics! (e.g. predictions for cosmological
herturbations)




Aside: Fokker-Planck

A

1t0:

OwP(6,N) = 0] 3001%(6)P(6, )] — ()P0, )}

Stratonovich:

O P(6, ) = 04 50(0)04l(0)P(6, N)] = u(é) P(0. V) |



Which to choose”

|tO:
Simple to interpret and implement
Does not respect chain rule”

Stratonovich:
Limit of coloured noise’ (though not unique)
Respects chain rule®
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— alternating zoom-in — linear perturbations

[Tomberg'24]
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Alternating zoom-in scheme

¢3(N+)=¢’( ) + plo(N)]dN
O(N4) + o[p(N4)]VAN €y

;‘%;
|

Taylor-expand again:

O(N;) = G(N) + plp(N)]AN + o[p(N)|VAN En + O(AN?/?)
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Alternating zoom-in scheme

d(Ny)
d(Ny)

O(N) + p|p(N)[dN
O(N4) + o[p(N4)]VAN €y

Taylor-expand again:
A(Ny) = ¢(N) + p[¢(N)]AN + o[¢(N)[VAN x4+ O(AN?/?)

|dentical to Ito!
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Difference Planck-suppressed
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Example evolution
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Example evolution

Mean field (¢) Distribution P(¢, N=100)
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Self-consistent noise

Solve noise modes in stochastic background:

®; = pi(25, N) + 07(25, N)éa(N),  (€a(N)Ep(N')) = dapd(N — N)
_qu_ - ™R h _(J‘?qu((S(ﬁkj(S?Tij)—
_ | ™R o rp (PR, TR) o |05 (00K, 0k, N)
P oo | M oy A B
| OTT);_ 167y, (0Ok, 0T, OR, TRy N )_ ) 0 ]
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Self-consistent noise

fnp = — (3 - %"‘T??) ("TR * ‘\//I((jj:))) |
1
2

kZ

k3 0T,
Odpr = ﬁlogbka (N)| ) Oémp = Y T6¢r

o
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Self-consistent noise

Problematic extra drift terms are all zero:

0
0y [®5(N4), Ny| ~ E”?@j(f\r)aﬁr] x ddy
0
~ 5505 [®5(N), N] x of[@;(N), N]VdNéa,n

~ ()
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Self-consistent noise

Problematic extra drift terms are all zero:

0
0 | P (Ny), Ny| ~ EJ?@J‘(N):N] X d®;
0
~ EU?[@J'(N%N] x o[ ®;(N), NJ[VANE&q N
~ ()

1t6 and Stratonovich become equall

19



Inflection point inflation

[Tomberg & Dimopoulos '25], under preparation

= =9
S W o

[V(O)/V (bmax) —1] x 10°
:=|='-’ S <
Lh ] _n

I I
ot ot
Lh =

20



Eternal inflation

[Karam et al. ‘22]
MpBH/g
1050 1040 1030 1020 1010

Large quantum fluctuations
counteract classical drift

Pr(k)

Inflating regions grow fast

Inflation is eternal: ‘'most’
of the Universe always inflating
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Eternal inflation?

Heuristic estimate:
guantum fluctuations dominate over classical drift

o H
% \V €V

We have: Pr <1 so no eternal inflation?

However, there are (attractor) trajectories

with P > 1 near the extrema
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Eternal inflation?

Precise definition:
Inflating volume non-zero at late times

O

lim (V), = lim e3N P(p, N)d¢ > 0

N —00
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Solving P

Fokker-Planck equation:

OwP(0,N) = 0504 30*(O)P(6.N)) - ()P0, )
| |
=L4sP(o,N)

with absorbing boundary condition P(¢eng, N) = 0
at end-of-inflation hypersurface
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Solving P

Eigenfunction decomposition:
[’cbun(ﬁb) — _)\nun((}b)

P(¢,N) =D an(N)uy(o)

an(N) = ap(0)e "

See also [Ezquiaga et al. '18] etc.
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Solving P

Eigenfunction decomposition:

— lim P(¢,N) ~e MY
N —00

1; o pB=A1)N
— Ngnoo (V>N c
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Solving P

eternal inflation <= )\

28



Practical problems

Features in potential Lo}
on a short field interval 0.8}
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Practical problems

Features in potential Lo}
on a short field interval _ os|
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Practical problems

Features in potential Lo}
on a short field interval 0.8}

Usually eternal inflation
at large field values

Ve)/ V(dcmB)

Focus on the feature




Take a subet of paths

Small field interval; ¢ € [¢q, @]

Look at paths that spend ‘most of the time'
there (can be made rigorous)

Solve i 1ocar With absorbing boundaries at ¢, ¢
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Take a subet of paths

Condition for eternally inflation from these
paths: A1 1ocal <3

Can show: Al,global < /\1,10(:&1,1
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Parabolic approximation

Near extrema:

S b O
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Parabolic approximation

Constant-roll inflation:
Tomberg 2023
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Parabolic approximation

Constant-roll inflation: L 1s)
Tomberg 2023 = E
X 1.0:'
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Parabolic approximation

Constant-roll inflation:
Tomberg 2023

— :
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Parabolic approximation

Kummer's equation; lowest eigenvalue from
A 1gp
F . —
1 1( QUH;TOQ??H)

Wide limit: ¢} 20 = M\ = Nels Na
03 nNH > 0
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Parabolic approximation
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Typical potentials:

[Kannike et al. '17]
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Typical potentials:

[Dalianis et al. '18]
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Typical potentials:

[Mishra & Sahni '19]

1.0} Model III
[ feature CMB -
| =
_ 08} = 05
s | —
S o6k L
! :
= | s 00
S 04 <
0.2r = ~0.5
0-0- .................................. ] 1
00 05 1.0 15 20 25 30 35 2202 2203 2.204 2.205 2.206 2.207
¢ | Mp; ¢ | Mp
. 2 2 5) ~
max: ¢; /0 ~40, A = —ng = 0.329 min: ¢;/o” ~10°, A= 0

43



Typical potentials:

FEternal inflation both at the
maxima and at the minima

Eternal inflation is generic!
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Structure of space-time

Eternal inflation: inside black holes
(larger from the inside: type )

Eternally inflating regions: exit to
either side of feature, roll to end-of-

inflation surface

These exits dominatel
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Structure of space-time
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CMB predictions

Exiting towards the end of inflation:
space-time extremely ‘bumpy at PBH
scale, can't produce life

Exiting towards the CMB scales:
most likely to not reach all the way there;
space-time bumpy at large scales
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Questions

Spoiled CMB predictions?

Measure problem?

Initial conditions for inflation?
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