Stochastic inflation and
primordial black holes

THEORETICAL COSMOLOGY MEETING,
5 JUNE 2026, UNIVERSITY OF GRONINGEN
EEMELI TOMBERG, UCLOUVAIN



1011S

weak perturbat

CMB, large-scale structures

¢
=
O
)
©
=
-
o
0
2.
=
=
Q
E
o

Long scales




¢
=
O
)
©
=
-
o
0
2.
=
=
Q
E
o

?
1 black holes

Short scales

1011S

weak perturbat

CMB, large-scale structures

Long scales

f

1d

d

1T 0T

Pr




Primordial black holes

Dark matter
Seeds of supermassive BHs

GW source



Primordial black holes

Zel’dovich and Novikov 1967

Hawking 1971 and Carr 1974

Date of paper

1975 2026
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PBHs from inflation
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inflation | radiation domination

Longer perturbations <> larger PBH mass
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Inflationary perturbations



Equations of motion:

d+3HO+V'(¢p) =0, 3H?=_-¢>+V(e)

Slow-roll parameters:
cg=—-0OnvInH, e =0nyIn¢g

/ \

Inflation? Slow-roll?
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Perturbations

Fleld perturbations:

. . [K? y 1 d/a’ .\
0¢p + 3Hop + " -V (¢) agdt(ﬁcb) o0¢p =0

Curvature perturbation:
3
=0 H Pk = Gl
V26, 27

11



Beyond linear perturbations

Separate universe approximation:

> 71

Locally:
d+3Hop+V'(4) =0

AN approximation: AN = N — (N) =
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Linear perturbations:
small-0¢ expansion

6= VR0 +3HG+ VI (9) =0
R B
56 op o6 V'"(d)od TS




Separate universe:

small— 77z €Xpansion
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3H ¢




Divide the field in two

¢tot — gb T 5¢
/0

dk3 e dk? k7
[ amor ™ [ e

Separate universe Linear perturbations

Coarse-graining scale: k =k, = caH
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Drifting modes: stochasticity

Linear,
sub-Hubble

k> aH
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Drifting modes: stochasticity
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Drifting modes: stochasticity

k=calH <€ aH

Coarse-graining exit:
Stochastic kick
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Stochastic inflation

ONg =7+ &y, 8N7r:—(3—%7r2) (ﬂ'l V,(é))%-én

e-folds as time variable

Ex(N)&y(N)) = Pxy (N, ks )6(N — N)

t

de Sitter result / numerical computation
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Stochastic inflation

Slow roll:
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Figueroa:2020jkf
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Raatikainen:2023bzk

AN = Nep, — (Neg)

d? -
= ko) = [ i Goe ™ (k ~ )
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Raatikainen:2023bzk

AN = Nep, — (Neg)

3
= Caul) = [ o™ 0k

Vary coarse-graining scale tor same patch

24



Raatikainen:2023bzk

AN = Nep, — (Neg)

d? -
= ko) = [ i Goe ™ (k ~ )

Vary coarse-graining scale tor same patch

T 1 dC< - [°° dk d(<j sin(kr)
Obtam: ¢ \/;k3d1nk => () /0 E dink kr
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Primordial black hole formation



[ 2.0
Lol CMB
. ?3 1.5
~ 0.8 x 1.0
% [ T 05
E‘ 0.6f 5
= i
E 014: % _0.5
0.2} > -1op
feature -1.5
0‘0 ........................................................
0 1 2 3 4 5 6 7 0.95 1.00 1.05 1.10 1.15

27



Pe(k)
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Exponential tails

Figueroa:2020jkf AN
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>

€9 APPIox. constant

P~

(66(N)Es(N) ) = Py(N, ks )O(N = N)

Tomberg:2023kli

- ¢
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Tomberg:2023kli
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Which perturbations collapse?

Numerical relativity
simulations

Compaction function:

OM(r,t)

C(r,t) =2 R0 1)

Collapse:
Cmax > Cth — 5(:




Compaction versus curvature

Super-Hubble:

Note assumption of spherical symmetry
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Raatikainen:2025gpd
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Raatikainen:2025gpd
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Raatikainen:2025gpd
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é’max
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Open questions

Behaviour at large radius?

Correct collapse criterion
for spiky profiles?

Redo collapse simulations?
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Stochastic inflation

"“Stochastic inflation”’ in Date of paper

INSPIRE-HEP
* 164 papers
« 98 ofthese since 2015

1987 2025
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Lattice simulations

Launay:2024qgsm

Combining stochastics and
numerical relativity

Mizuguchi:2024kbl

Stochastic grid

Stochastic Inflation in General Relativity
RUP-24-10 -
Yoann L. Lawnay,''* Gerasimos L. Rigopoulos,® " and E. Paul 5. Shellard®:
' entre for Theoretical Cosmology, Deparfment of Applied Mathematics and Theorstical Physics,
University of Combridge, Willerforee Road, Combridge OBY 0WA, United Kingdomn
*Echool of Mathematics, Stotistics and Physics, Newcastle University,

Newcastle wpon Tyne, NE! TRU, United Kingdom

PREPARED FOR SUBMISSION To JCAP

We provide a formulation of Stochastic Inflation in full general relativity that goes beyond the
show-roll and separate universe approcdimations.  We show how gange invariant Langevin souroe
terms can be obtained for the complete set of Einstein equations in their ADM formulation by
provicding a recipe for coarse-graining the spacetime in any small gauge. These stochastic souree
terms are defined in terms of the only dynamical scalar degree of freedom in snglefeld inflation
and all depend simply on the fimt two time derivatives of the coarse-graining window function, on

STOLAS: STOchastic LAttice
Simulation of cosmic inflation

-+ the gauge-invariant mode functions that satisfy the Mukbanov-Sasaki evolution equation, and on

| -+ the slowe-roll parameters. It is shown that this reasoning can also be applied to inclode gravitons

- I as stochastic sources, thus enabling the study of all relevant degrees of freedom of general relativity

] -] for inflation. We salidate the efficacy of thess Langevin dynamics directly using an example in

0 ] uniform feld gange, obtaining the stochastic e-fold number in the long wavelength limit withoot the

W hy need for a first-passage-time analysis. As well as investigating the most commonly nsed gauges in

l":l i-’ comalogical perturbation theory, we also derive stochastic souree terms for the coarse-grained BSSN

— rmulation of Einstein's equations, which enables a well-posed implementation for 341 ouwmerical
o -~ relativity simmalations.
-l
% [

- samula _ _ -,

— L. INTRODUCTION efforts [13-18], there are regimes where predictions can
St . . . . b . |- gtill be made by using techniques from CQuantum Field
- Yurino Mizuguchi,” Tomoaki Murata,” and Yuichiro Tada"* o Inflation theory was postulated more than 40 years  Theory on Curved Spacetime (QFTCS) [15] or by con-
- ) . . = agn as an explanation for the apparently fine-tuned ini-  Structing !:.['Ewtm- Field 1|.'|l:'1.r]'.ll:':i (EFTs), '.3.'[11(-!1 have
[a ) Department of Physics, Nagoya University, o tial conditions of the Hot Big Bang [1-3]. The propasal made continuous advancements in cosmology, inspired by
o Furo-cho Chikusa-ku, Nagoya 464-8602, Japan gained traction as it also offers a natural mechanism for ~ the latter's success in flat space [19]. Abandoning pre-
= *Department of Physics, Rikkyo University, ol generating the initial density inhomogeneities [4-9] which t”l]‘“‘j"‘ ‘_’f “‘““Fa'll‘l'tr“;“"'*‘- ;m] ];-I'l l""“'il_ﬂt'h”’-“‘[:':.__T"F'-“’ll‘l_”f
wa Toshima, Tokyo 171-8501, Japan - in later stages of cosmic history led to the formation of — vabdity, normally bounded by ultraviolet (UV) andfor
(us] ; o : T - amic struc ria eravitational instability. These den- infrared (IR) cutoffs, and the narrative of theoretical
| I Clovctobnitin Foone & Jivnmmmend TFeocrmanmal: Bl ccm TTlenl - "an.].“ ht]"l]l:-l'.llt’l."' Via %11"]?““‘.)“1[ Il'l-h'-t"l.t-.llllt_:'-. _l_]]l."’.‘-\.l.:" dil'!. i e I T | - SR T




Multi-field inflation

Murata:2025onc
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Briaud:2025ayt

Go beyond leading order in !
gradient expansion
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Colored noise
Exponential tails: a pullback effect
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Eternal inflation

Tomberg:2025fku 5
b2
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Eternal inflation
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Stochastic intlation gives a non-perturbative
handle on intlationary perturbations

Usetul for primordial black hole studies

Developments in various directions:
spiky profiles, stochastic trees, multi-tield
setups, gradient corrections. ..
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