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Why primordial black holes (PBHs)?

Black holes formed in early Universe
e Carry information of conditions there (small-scale perturbations)
* Any mass (Hawking evaporation?)

Applications in cosmology
* Dark matter candidate
e Seeds of supermassive black holes

* GW source
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Single-field inflation is simple

Action:

L |
S = [ d'ay=g | 3R 50"60up — V()

Background equations of motion:

1
p+3Hp+ V() =0, 3H?= 5@2 + V(p)

Slow-roll parameters:
et =—-0OnvInH, e =0nyIn¢
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Slow-roll (SR)
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SHY +V'(p) =0
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SR ends
€2 Z, 1
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“Uphill” phase

€9 SJ —06
€1down
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“Downhill” phase
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Linear perturbations grow near feature

0
: : R —
Comoving curvature per;curbatlon e
Ri+ H(3+ e2)Ry + ?Rk =0
Vacuum initial conditions: Late times:
1 |
Ry = etk/(aH) R — const. if e > —3
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Linear perturbations grow near feature

0

Comoving curvature perturbation Ve

. . k2

Ri+ H(3+ e2)Ry + ?Rk =0
Vacuum initial conditions: Late times:

1 |
R, = etk /(aH) R, — const. if > —3
g 2(1\/ ]fﬁl g ©2
]f?’
Define power spectrum: Pr(k) = = Rl



Linear perturbations...
PBHs

» Ink
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log p(R)

...Gaussian distribution
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Why this picture is wrong

R is not the correct statistic for PBH formation

Perturbations in the tail are not Gaussian
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Approximations in two regimes

Sub-Hubble scales:

Linear perturbation theory good; neglect mode couplings

. . k? 3 1 1 1
00 + 3HOYy, + H? ( — —€9 + —€1€9 — —e% — —6263) 0 =0

a’H? 2 2 4 2

Super-Hubble scales:

Local FLRW equations good; neglect gradient terms

O+3Hp+V'(p)=0



Approximations in two regimes

Inflaton field: O+ 00

= ~

Coarse-grained: Short-wavelength:

FLRW . .
linear perturbation theory
d3k .2 d3k -
¢ = pr(N)e ™% §¢ = N)e h#
k<l (27‘-)2/3 d) ks ( )2/3 (pk( )

Patched together at the coarse-graining scale £ = k; = caHd
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Linear,
sub-Hubble

k> aH
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k=ocaH <€ aH

Coarse-graining exit:
Stochastic kick
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Stochastic inflation
éf:ﬁ+£¢? Wf(gl?T?)ﬁvf(gb)+£ﬂ? H2: V(Qﬁ')

2 H? 3 — 22

561, = ~(8 = 372154 — | o + w23 — gty 4 2n D g,
(€6 (NEo(N') = =5 02 5, (N)[2B(N — N')

(6 (N)n (V') = =5 2 g}, (N)[20(N — )

(€ (N (V') = 5 2 5 (V)35 (N)ON = N')
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AN formalism

ds? = —dt? + a?(t)e* @t dz?

AN=N-N=R =

Stochastic AN formalism:

* solve stochastic system many times; include kicks up to scale k
e collect N on each run

* build statistics for coarse-grained curvature perturbation R .
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Stochastic inflation
éf:ﬁ+£¢? Wf(gl?T?)ﬁvf(gb)+£ﬂ? H2: V(Qﬁ')
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Stochastic inflation
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How to move forward?

Analytical approximations?
2

(Eo(N)E(N')) % {56(N — N

Full numerical computations?



Full numerical computations

One million CPU hours

AN
10% -
107!
0 Full
..... = Simplified
10°7 |
-------- Gaussian fit
DT S Exponential fit
~13
N [2111.07437]
1016

51. 51.5 52. 52.5 53.
N 32
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/oom into the hilltop

Classical velocity small
€1 < 1
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/oom into the hilltop

Classical velocity small
€1 < 1

Stochastic noise
Important
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/oom into the hilltop

Background:
Ultra-slow-roll phase

€2 < —6, const.

35



>

/oom into the hilltop

Perturbations:
Super-Hubble growth

Background:
Ultra-slow-roll phase

€2 < —6, const.
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/oom into the hilltop

Background:
Y Dual constant-roll phase

€o = 0, const.
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/oom into the hilltop

Background:
Y Dual constant-roll phase

€o = 0, const.

Perturbations:
Frozen
Amplified modes exit
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Equations simplity in dual constant-roll phase

Adiabatic perturbations:

motion along classical trajectory only

Noise independent of background stochasticity:
pre-compute power spectrum



Simplified stochastic equation:

do = (‘35 Po)dN + 9506 TN/ Pr(ks)dN én
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Simplified stochastic equation:

do = (‘35 Po)dN + 9506 TN/ Pr(ks)dN én

\

@\ é‘») = 0NN

B(N) = o (1 —eFV) + Zgoe TN X,




AN distribution

T PN
p(X<k) = T e 2k, o E/k Pr(k)dInk
k ini



AN distribution

x 2

1 . k . .
P(X<k) = Voo e o E/k: Pr(k)dInk
k ini
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AN distribution

T PN
p(Xck) = N e 2k, o E/l; Pr(k)dInk
k ini

AN<13 — R<k a4



p[AN]

Comparison to numerics

Asteroid Solar Supermassive
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p[AN]

Gaussian fit

Comparison to numerics

Asteroid Solar Supermassive
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Compaction function: right tool for
determining the collapse threshold

Mg — Mg

‘ R
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Collapse: Cimax > C. =~ 0.4



Compaction function: right tool for
determining the collapse threshold

Mns — My

‘ R

2

Collapse: Cimax > C. =~ 0.4

In inflationary variables:

C(r) = 2 (1= [14+7¢'()]?)



Assume spherical symmetry

S 2k dk | sin(kr)
r(r) = Zk: Nor Cr _cos(kfr') i

C _ \/ 27T dC<k
T 9k3 dlnk




Assume spherical symmetry

, 2k dk | sin(kr)
r(r) = —— (}. | cos(kr)
Zk: 2T k - kr - Vary k:

\/ﬂ dC<k Full profile

Ck — in one patch of space!

2k3 dInk
Recall: in the stochastic picture, /

k
2 €9 2 €2
Car=ANgp ==l (1-FXq) = —=n (1 ~ey
=k




Master formula




10115 | '10|—12' 10I-1f 101”3 | iol-l"‘ | '1()'-1?; 10115 | iol-lf | '10|-1‘3 |

r (Mpc) r (Mpc)
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CII] axo» Cmax
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Initial PBH fractions

Gaussian approximation, R _; > 1, fixed k: =~ 5 X 1071

Non-Gaussian statistics, R, > 1, fixedk: 8~ 2.2 X 10~

Coow >0.4: Br~1.4x10"°

Ciax > 0.4: [ =0.016
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Axion-like curvaton

V() =A2|1 - COS(NI}Wd))-




Axion-like curvaton

V(y) = A,

1 —cos(

Abww)_
Ja

During inflation:

dp = onyVANEN

H,
ON = —,

27

(Enénr) = 6(N — N')
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V(y) = A,

Axion-like curvaton

1 —cos(

fa

During inflation:
H,

dp = onyVANEN

ON = —,

27

Abww)_

(Enénr) = 6(N — N')

After inflation:

/

=0,

2 _
=31

v+

Pr

wr? ?

Pr = Pdec€

AN,
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Axion-like curvaton
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Axion-like curvaton
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Axion-like curvaton
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Cosmological perturbations

Curvaton decays;
curvature perturbation through A /N formalism

. H?2(k) -
PC,TZ)(k) — Pw(k)Nfbo — 4;2 )NED{]




CMB

Gaussian PBH formation

S0
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Cosmological perturbations

Curvaton decays;
curvature perturbation through A /N formalism

i A/E__\Cz
c=2|- (1 } dg(r))
3 dinr

b (m=69)% 1
— € 2(12N 2
24/ N’]TCZQ

P(CZ:N)
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Clustering of PB
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Conclusions

Stochastic inflation introduces non-Gaussian
corrections to PBH statistics

Compaction function formalism needed for accurate
results

Future directions:
resolving sharp peaks, considering PBH clustering
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Alternative collapse measure:
averaged compaction function

R = ares

_ R(r) _ _
C(r) = 3)3/ dRR*C - /
0

R(r

2 T . N .
= 3030 /0 dF #2e* [27¢" + 3(7¢')? + (7¢)?]
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